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Introduction 

In  this  report  we  define  a  three  dimensional  displacement 
field  in  terms  of  a  solution   to  the  von  Karman  equations  and 
determine  how  well  the  three  dimensional  displacement  field 
satisfies  the  exact  theory  of  elasticity  for  a  plate  with  zero 
body  force  vector  and  zero  stress  vector  at  the  faces  of  the 
plate.   We  do  this  by  getting  estimates  for  the  derivatives  of 
a  solution  of  the  von  Karman  equations  (1.3)  (where  w  is  the 
nondimensional   vertical  displacement  and  \l)      is  a  nondimensional 
stress  function) ,  and  then  we  use  these  estimates  and  the 
defined  displacement  field  in  the  exact  theory  for  an  isotropic 
hyperelastic  material  to  compute  the  order  of  the  body  force 
vector  and  stress  vector  on  the  faces  corresponding  to  the  given 
displacement  field.   Letting  F-]^,F„,F^   be  the  components  of  the 
body  force  vector  (force  per  unit  undeformed  volume)  with  respect 
to  the   x-j/X^/Xo  axes  (see  Fig.  1),  and  letting  T^fT-^T-  be  the 
components  of  the  stress  vector  on  the  faces  (force  per  unit 
undeformed  area) ,  we  obtain 


(0.1) 


r,   =C(4e^) 


D" 
c 
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D 

T  ,T    =  (}(m  ^  e^) 

where   y  is  one  of  the  Lame  constants,  2h  is  the  thickness 
of  the  undeformed  plate,  D  is  the  diameter  of  the  undeformed 
plate,  and  e  measures  the  size  of  the  solution  w,  ^      to  the 
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von  Karman  equations  and  is  defined  in  two  different  ways  in 
Section  2.   It  should  be  observed  that  e  may  be  taken  to  be 
independent  of  h/D   since  our  nondimensional  von  Karman 
equations  (1.3)  are  independent  of  h/D.   Consequently,  we 
can  let  £  and  h/D  vary  independently  in  (0.1)  as  well  as  in 
the  following  results. 

In  a  previous  report  [2],  the  displacements  for  the  exact 
theory  were  expressed  in  terms  of  the  vertical  deflection  of 
the  middle  surface  and  a  stress  function.   It  was  expected  that 
those  formulas  for  the  displacements  could  be  used  here  to 
define  a  displacement  field.   However,  changes  were  made  in  the 
formulas  used  here  since  the  stress  function  is  now  an  exact 
solution  to  the  von  Karman  equations  rather  than  an  approximate 
solution.   The  method  used  to  obtain  the  formulas  for  the 
displacements  is  the  same,  however,  as  used  in  [2].   We  simply 
exhibit  the  formulas  in  (1.6)  rather  than  repeat  the  derivation. 

The  criterion  used  in  deciding  how  many  terms  to  include  in 
the  formulas  for  the  displacements  was  that  the  body  force  vector 
and  stress  vector   at  the  faces  should  have  as  small  an  order 
as  possible  without  needing  plate  equations  with  more  terms  than 
the  von  Karman  equations.   Although  the  von  Karman  equations 
involve  only  two  elastic  constants,  it  is  interesting  that  this 
criterion  leads  us  to  include  terms  in  the  formulas  for  the 
displacements  which  include  five  elastic  constants.  In  particular 
if  we  dropped  all  terms  in  the  vertical  displacement  of  the  order 

of  the  terms  containing  the  additional  three  elastic  constants, 

then  the  vertical  components  of  the  stress  vector  at  the  faces 

4   4   2  6   6   2 

would  be  of  order  y (h  /D  )e        rather  than  u (h  /D  ) e  . 
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1 .   The  von  Karman  Equations  and  Displacement  Field. 
Let  x^,x_,z  be  nondimensional  variables  given  by 

'  X  X 

(1-1)  ^a  =  D^  '    ^  =  ir  • 

Then  the  domain  of  (x, /X-)  has  diameter  "one"  with  the  origin 
in  its  interior  and  |  z  |  _<  1  (see  Fig.  2). 

Let  ii      and  w  be  nondimensional   functions  of  x,  and  X2  (the 
stress  function  and  vertical  displacement  of  the  middle  surface) , 
and  let   t  „   (the  horizontal  stresses  on  the  middle  surface) 


be  given  by 


^T  /      ••_„—     o»      '•TO      '■oi      •>,.    '^, 


(1.2)   ^11  -    2  '    ^22  "  .  2  '    ^12    ^21    3x,  9x,  ' 

8X2  oX,  i     ^ 

As  usual  let  Greek  subscripts  take  on  the  values  1,  2  and 
Latin  subscripts  the  values  1,  2,  3. 

Let  w  and  \l)      satisfy  the  well  known  von  Karman    equations 


(1.3) 


,2     3(A+2vi) 


where    A  and  y    are  the  Lame  elastic  constants, 

2      2 
A  =  — y  +  — J     is  the  Laplacian  operator, 
dx^        3x2 

4  4        4 

A  =  — ^  +  2  — 2 2  "^  — 4   -"-^  ^^  biharmonic  operator, 

3x,      3x,  Bx-    Sx- 

„2 

w    =  ^  ^ —  etc.,   and  repeated  subscripts  are  siommed 
,YV    3x   3x  ^ 

'       Y    ^ 

over   their  range. 
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We  define  nondimensional  horizontal  displacements  of  the 
middle  surface,   v  ,  as  the  unique  solutions  of  the  equations 

(1.4)    V    o  =  -WW_  +  T-      +T     ^-T„ 

YfOtB  ,Y    #cx3  ev/a  ay, 6  a3,Y 

-    ->>io       ^^i>      "So      +   All;    „6         -    All;      6    „) 
such   that  at  the   origin 


(1.5) 


V,  =   0 

V      Q    =   -T-w     w„    +   T.-    -.  ^ ,      5    -    All; 
a, 3  2      ,a    ,3  a3        3X+2)j      a3 


That  unique  functions  exist  satisfying  (1.4)  and  (1.5) 
follows  from  standard  compatability  theorems  such  as  the 
one  in  [3] .   Letting 

"^yaB  "  ~  ^,Y^,aB  "^  "^BY/O  "^  '^aY,B  "  "^aB^Y 

-  TTTo-  ^^^       ^o       +  A4;  ^6    -  Aij;   6  -)  , 
3A+21J    ^,a  By    ^,B  ay    ^,y  aB 

the  compatability  equations  for  (1.4)  are  ii      0  =  4^0   and 

^        -^   ^  yaB    yBa 

ij;   „    =4;     Q.   Each  of  these  equations  is  either  trivially 
true  or  reduces  to  the  first  equation  of  (1.3)  so  that  the 
compatability  conditions  are  satisfied. 

We  define  a  three  dimensional  displacement  field  by 
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(1.6)     { 


,2  h'*    f         A  2 

a        Da         ,a  3    [2(3A+2ij) 


,     .    3A+41J         3         2  (A+y         t  a         _l 
+     [>/-..  ox     z       -       ..^  „  ^  ^     2  ]  Aw      +    zv         w      + 
^6(A+2y)  A+2y  ,a  -    ~      -- 


Y,a    ,Y       3A+2)j         ^    ,a 


~  /-,  ■  o — r  z  Aw  w     +  TT  w 
2(A+2y)  ,a      2 


w     w      > 
/Y    /Y    /OtJ 


y3   =   hw   +   ^    [-    3^   zt^   +   2(A+2y)     ^^^^   "   !  ^,y'',Y^ 

-^   7   {-   I(aW   '^,v^,v-^   C^z(A4.)2-   ^   ^^,,^^, 

^      2,,     ,  2A(A+y)  2         .,       _,  r3A+    y+2B      2 

-^   ^2^    ^'^   ^"  -^    (A-f2y)(3A+2y)    ^  ^. Y^^ y^  ^2  ( A+2y)       ^ 

3A+2y         4,  ^  A  ,  _L 

-    ..  ^  , ., — ^  z    ]w        T      -    „  .-,,  .  ~ — r  zAJ;w     w     +zt      w     w 
16    A+y  ^     ,YV    yv      2    3A+2y  ^    ,y    /Y         YV    ,Y    ,v 


+    (C    z^ L 

^    ^"-3  A+2y 


z)w        w        +[C.z- 

'     ,YV    ,YV     '    4 


Ay 


(A+2y) 
z 


z]  (Aw) 


.     ,    3A+4y        3      2(A+y         ,  . 

+    [  ^  / ,  ,  o    X     z    -       '    -  ^ '     z]w      Aw      --s-w      w     w     w 
^6    A+2y  A+2y  ,Y       /Y      8       ,y    ,Y    /V    ,v 


where 


^1   =   - 


2(3A+2y) 


4y^A-A(3A+8y)B+A^C 
(A+2y)  (3A+2y)^ 


(1.7)v 


2  2 

4y   A-6AyB+A   C 

^         (A+2y)^(3A+2y) 

-5A^+4Ay+8y^  B 

'-3         24(A+y)  (A+2y)       ~    3(A+2y) 


^      ^    A(A^+10Ay+8y^)       _    4y^A+A (A-4y) B+A^C 
^        24(A+y)  (A+2y)^  3  (A+2y)  ^ 


The   parameters   A,    B,    C      appearing   in    (1.6)    and    (1.7)    are 
elastic   constants   whose    connections   with   the   elastic  material 
are   given  below   in    (1.9). 


The   notation    ,a   denotes    8/9x        when   applied   to   the 


nondimensional  quantities      w,    ij;,    v      ,    t 


a& 


However,     ,a   or    ,i 
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denotes  8/8x  or  3/3x.   when  applied  to  the  dimensional 
displacements   u.   defined  in  (1.6),  the  strains   e.,  defined 
in  (1.8),   or  the  stress  quantities   t.,  ,  q  .,  defined  in  (1.10) 
The  strains  are  defined  by 

(^•^^  ^ij  =  I  ^"i,j^'^j,i^\,i  "k,j)  • 

The  nonlinear  dependence  of  the  strains  on  the  displacement 
gradient  gives  rise  to  the  nonlinear  terms  in  the  von  Karman 
equations. 

For  an  isotropic  hyperbolic  material  the  strain  energy 
density  ,w  (strain  energy  per  unit  undeformed  volume) ,  has 
the  form 

(1.9)   W=  -r-e-.e..  +  ue..e..  +  rr-e..e..e,  ,  +  B  e..e.,e., 
2   11  33    ^  ij  1]    3   11  jj   kk      11  ]k  jk 

Q 

+  rr  e .  .e  ..  e,  ■    +   4th  order  terms  in  the  strains. 
3   1]  ]k  ki 

Our  previously  mentioned  criterion  leads  us  to  go  up  to  cubic 
terms  in  the  expansion  of  W,  and  we  are  assuming  that  W  has 
as  many  continuous  derivatives  with  respect  to  the  strains 
as  are  needed  to  justify  (1.9)  and  also  the  remainder  of  the 
work . 

If  we  let   t. ■   be  the  components  of  the  second  Piola- 
Kirchhoff  tensor  and  q. .  be  the  components  of  the  first  Piola- 
Kirchoff  tensor  (see  [4]),  then 
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_  9w 
'ij  ~  9e 


i: 


=  (^^kk^  ^^kk^M^  ^^kil^k^-'  S^^ij 


(1.10)  {       +  2(y+Bej^j^+A2)e.j  +  (C+A^)  e  •  ^e^^j 

■*■'  J 

where   A  ,A-,A-  denote  expressions  of  order  1,2,3  in  the  strains. 

The  body  force  vector  (F,,F  ,F2)  (force  per  unit  undeformed 
volume)  and  the  stress  vector  at  a  face  (T^,l2''^ ^'^     (force  per 
xinit  undeformed  area)  are  given  by  the  equilibrium  equations  and 
boundary  conditions  at  the  faces  (see  [4]). 
F.  =  -  q.  .  . 


(1.11) 


T.  =  q-o   for   z  =  1  or   x-,  =  h 
1    ^i3  3 


T.  =  -q.-,   for  z  =  -1  or  x.,  =-h 
1     ^i3  3 


2 .   Estimates  for  the  Derivatives  of  a  Solution  to  the 
von  Karman  Equations . 


/\   ^ 


Let   (x, ,X2)   be  any  fixed  interior  point  of  our  nondimen- 

/    ^      2      "^      2 
sional  horizontal  domain  and  let  r  =  /(x,-x,)  +(x2-X2) 

For  convenience  we  introduce 


(2.1) 


?   =. 


2 
(1  -  ^)    for   r  <  e 


for   r  > 


where  9  is  the  distance   (nondimensional)  from  (X1/X2)  to  the 
bo\andary  of  the  horizontal  domain. 


If   5   is  a  set  of  functions  defined  on  our  nondimensional 
horizontal  domain,  we  let   S   be  the  set  of  functions  which 
are  first  derivatives  of  elements  of  S,      S  be  the  set  of 
functions  which  are   second  derivatives  of  elements  of  S,    etc. 

If  T     is  another  set  of  functions  defined  on  our  horizontal 
nondimensional  domain,  we  let  ST     be  the  set  of  all  functions 
which  are  a  product  of  an  element  of  S   and  an  element  of  T  . 

If  S   is  a  finite  set  of  functions  defined  on  our  horizontal 
nondimensional  domain,  we  let  \S\      be  the  square  root  of  the 
sum  of  the  squares  of  all  elements  of  S,  and  we  define  HSU  >^  0 


as 


Si 


J  |S|^  dXj^  dx. 


where  the  integration  is  taken  over  our  nondimensional  hori- 
zontal domain. 

We  ambiguously  let  c,      denote  both  the  function   defined  in 
(2.1)  and  the  set  whose  one  element  is  the  function  defined  in 
(2.1).   Then  ?,  C/  etc.   have  meaning  as  the  set  of  all  first 
derivatives  of  ?,  the  set  of  all  second  derivatives  of  c, ,    etc. 

With  the  above  notation  we  introduce  the  order  relations 


(2.2) 


kl  =  0(1)   ,     Icl  =  Oil)  , 
\\i  b  =  0(11511 )  +  0(11 5  ASH ) 

II  (;    Sll    =    0(IISII  )    +    0(11?    ASII  ) 

2, 


K  SB    =    0(11  Sll    +      0    II 5    A   Sll  ) 
|S|q   =    0(IISI1    +    II  c    SB)     . 

The  first  line  of  (2.2)  follows  from  (2.1) 


\l\    =   0(1) 
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The   notation      USB    =    0(11  Til)      means    there   is    a   constant  k, 
which  may   depend   on      6   but  not   on    the   elements   of      5    and   T    , 
such   that      IIS II    £  kll  Til  .  ,,,     .      .    .     .  . 

The   notation      IISII    =    0(11  Til)    +    oil  till       means    that    for  each      k 
there    is   a   K,      which  may   depend   on      6   but  not  on   the  elements 

of     S,    T,    U,      such   that      USII     <   Kll  Til    +   kll  Ull  . 

2 

AS   is  the  set  of  functions  which  are  the  result  of  applying 

2 
A   to  each  element  of  S  -    , 

|SL   denotes  the  value  of   |S|   at  r  =  0. 

The  estimates  (2.2)  can  be  proved  by  techniques  similar  to 
those  used  in  the  Appendix  to  [1],  and  are  valid  if  the  elements 
of   S   have  five  continuous  derivatives   (needed  for  the  fourth 
line).   We  will  prove  only  the  fourth  line  here. 

Let  s,   (k  =  1,2, . . . ,n)   be  the  elements  of  S  .   Using  the 
divergence  theorem  and  the  fact  that   C  =  0   on  the  boundary, 
we  have  , 


II  C  S  II  ^  = 


r 


J 


C   s,   o    s,   „    dx,  dx„ 


2  2  ■•;•■:■■•' 

^^^  ^k,a6YV^k,a6Y^ fv"  ^  ^^k, aBY^k, a3Y 

2 

-  (c  )   s,   o   s,   „  ]  dx,  dx_ 

^   ,v  k,a6YV  k,a3Y     1    2 

2  2 

[5  As,   „  s,   „  +  (C  )   s,   „   s,   „  ]  dx^  dx„ 

2  2 

[-(C  As,   oS,   o  )   +  C  As,   oAs,   „  + 
k,a6  k,aBY  rY  k,aB   k,aB 


+  {c,    )       As,   oS,   o  +  etc.]  dx^  dx„ 
^   ,Y   k,aB  k,aBY  1    2 
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f(^'^^k,a6^^k,a),B-^''\,a^\,a 


k"'^k,a'  ,  a 


r  f  ?    2  2    2         2 


'k      -"k 


+    U    ),ysj^^Sj^^^  +   etc.]    dx^  dx2 

]    f^'^W(^'^a^V^k,a-<^'^6'^k,a6^-k,a 


+    (^'),Y^"k,aB^k,aBY"    ^^    ^v^k, aBYV^k,aBY^    ^^1   ^"^2 
=    0(11  C    A^SII^    +    luV'u^)    +    0  (He's"  11^) 


2  2 

making    repeated   use   of    [abj    =    0{\a\    )    +    o(|b|     )       and   the 

first   line   of    (2.2).      Hence 


C  Sll    =       (lU    A   Sll    +    II  c    "S'li  )+o(IU  5  11  )     . 


From   line    2   of    (2.2) 

•     •  •  • 

lU      5    II 

so   that 


=    0(11  Sll  )    +    0(11  ?  S  II  ) 


or 


Next  we   let 


(2.3) 


Be     5  II       =    0(IU    A   Sll    +    II  Sll  )    +    oil  c  s  n 
II  c    "sll       =    0(11511    +    II  C    A^SII)     . 


e   =  max    (  U,  ^cB  '  '  '^,  aB  '  ^ 


where  the  maximum  is  taken  over  all  points  in  the  nondimensional 
horizontal  domain   and  all  values  of  a,B.   Then 

|A^iJ;|  =  0(£^)   and   |A^w|  =  O(e^)   from  (1.2)  and  (1.3). 


•11- 


We  restrict  ourselves  to  the  case  where  e  <_  1  so  that  e   £  ^ 
Then  from  (2.2) 

II  5  i|j  II    =   0(ll4;ll       +    H    A^i|)ll  )       =      0(e+e^)       =      0  {e)     ,     ' 

II;  wH    =   (?(e)     , 

Ir,'^    fl    =   0(8ij>8  )    +    0(8  c  ip  "  )      =     (?(e) 


n?  w   D    =   0(e)    . 

Next   let 

I   = 

and  observe  that  i, 
where   5  7^  0 . 
From  (1.3) 

and  from  (2.2) , 


1- 

4r    1 

for 

e 

0 

for 

^  ^2 

=  0(c  C)  .   Also  1  =  ()((;)  in  the  circle 


A^i|;|  =   (e|  w  1) 


ll^**iij"ll    =    0(11  'ijj'll+ll  C    A^tl-ll  ) 
where    the    integration  is   over    the   circle     where      C    7^   0    .    Hence 


-    .2' 


II  C      ^      II    =   0(11;    4)    il+U  ;    A'lj^ll  )    =    0(e)     . 


and  similarly 


II  C  w   II  =  0(e) 


From  the  last  line  of  (2.2)  we  now  have 

\'V\q  =  0(11  *il-*y+iir*>i'"ii)  =  0(iisTi'+'ir*r*»)  =  ou)  , 
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where  the  integration  is  over  the  region  where  r,   ^   0 . 

1***1 

Similarly   I  ^  In  ~  0 {e)     . 


Continuing  in  this  manner  we  obtain 

=  0(e) 


3^4; 


k,    k2 


9^w 
k    k2 
8x^-^  9X2 


=  0(e) 


for   k  =  2,3,4,5,.. 


where  each  result  is  true  in  some  circle  with  center  at  (x^ iX^) ■ 
Since  only  derivatives  of  second  order  or  higher  of  w  appear 
in  (1.3),  without  loss  of  generality  we  can  take  w   =  0  at  the 


,a 


origin.   Then 


w 


.  a 


dx 


w 


,aB  ds 


6ds 


where   Xo (s)   is  a  path  in  the  domain,   s  is  arc  length  along 

p 

the  path,  and   L  is  the  length  (nondimensional,  of  course) . 

Thus   |w|  =  0(e)  where  the  constant  appearing  in  the  order 

relationship  depends  on  the  length  of  the  curve  needed  to  join 

the  point  to  the  origin  (i.e.  the  constant  depends  on  the  shape 

of  the  region  in  addition  to  the  distance  to  the  boundary) . 
Thus 


(2.4) 


9^4^ 


^1    ^2 
9xj_   9X2 


9  w 


9x,   9x2 


=  0(e) 


=  0(e) 


for   k  =  2,3,4, 


and  Z   =   1,2,3, 


,  where  the  constant 


■13- 


appearing  in  the  order  relationship  depends  on  the  order  of 

the  derivatives,  the  nondimensional  distance  to  the  boundary, 

and  the  shape  of  the  domain . 

The  first  line  of  (2.4)  is  also  valid  for  k  =  0,1. 

We  obtain  this  by  integrating  (1.4)  twice  along  paths  in  the 

domain  and  using  (1.5)  which  holds  at  the  origin.  Thus  we 

obtain  . 

3  V 
(2.5)  — j- ^  =  0(£)  1 

3x,   3x2 

whe  re   k  =  0,1,2,3,...  . 

The  estimates  (2.4)  and  (2.5)  are  used  repeatedly  in  the 
following.   Since  the  constants  in  these  order  relations 
generally  go  to  <»  as  the  boundary  is  approached,  the  results 
are  interior  relations  with   e   as  previously  defined.  We 
could  alternatively  define   e   so  that  (2.4)  and  (2.5)  are 
true  in  the  entire  domain  with  order  constants  equal  "one" 
for  all  derivatives  up  to  and  including  sufficiently  high 
order.   Then  e      would  depend  on  the  derivatives  up  to 
sufficiently  high  order,  but  would  remain  independent  of  h  and 
D.   The  results  obtained  hereafter  are  valid  in  the  entire 
domain  with  this  alternate  value  of   e  .   For  this  second 
definition  of   e   we  also  require  e    <_  1    . 
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3 .   Calculation  of  the  Body  Forces  and  Surface  Tractions 
at  the  Faces. 

If  we  interchange   Y  and  a   in  (1.4)  and  add  the  new  equation 
to  (1.4)  we  obtain 

2X 
(v   +v    )  o  =  (-W  w  +2t   -  -v-.  .  -  A\p    6       )     o    ' 
^  Y/Ct   a,Y  f3       ,Y  /Ot   aY   3X+2m   ^   aY  /  3 

From  the  above  and  (1.5)  which  holds  at  the  origin  we  have 

2X 
(3.1)   V     +v     E-ww    +2t    -  „.  ^„   Aijj  6  ,  . 
^    '    y,a  a,Y       /Y  /»     "Y    2A+2y   ^   aY 

From  (1.6)  and  (1.4) , 


h   /     X      2,,    ^  ,  3X+4y    3      2(X+y)  ^.     ,  , 
■^  7  l2T3XT2^  ^  ^^aB+  ^6(X-f2y)  "  "  ^^T2ir  ^^  ^^,aB 

"■  ^^,Y^'eY,a-'^aY,6""a6,Y^^"^,a3^3XT2iI  ^'^-  I^,y",y"  roW"  '^^ 

-  Ixkl  ^^^^a",6-'^Y",Y^6^  "■  ^^,a",Y3 

+  ZW    [W   W   „-  T  /-v  ,  o,,\   z  Aw  „]  }•  . 
,a   ,Y  /Y3   2  (X+2y)      ,3  J 

Using  (3.1)  and  (3.2)  in  (1.8)  we  get 
(^•3)   ^a3  =^{^«e-  3XT2ir^^  ^3-  ^^,a6} 

h'*  f     X      2,  ,    ^  ,  3X  +  4y    3      2(X+y)  ,,.,, 
+  ^  |2(3X+2y)  ^  ^^aB-"  ^6(X-H2y)  ^  "  -XTI^   "^^^,aB 

^  ^^,Y^'3Y.a-'V,3-^a3,Y^^'^,a6t3xkl"'^-  ^,y",y"  20^"'"^ 
-  3xW  ^(^^a^,3^'^3^,a-^^Y^,Y'a3^-^  K  ,  a^  ,  a"^  i^,Ya^,Y3} 
^'^^D^^')-  -15- 


From    (1.6)    and    (1.8) 


(3.4) 

From    (3.1) 


e    -,   =   —K   -.  ,  ^       (z    -1)    Aw 
a3  3    X+2]i  ,a 


+    0(h-e2) 


V        WW         =T-(v         +v         )w        w 

=      ww       [--^-ww+T      -    -,>■-.      All;    6       ]     . 
,Y    /\^         2      ,Y    /V         Y^      3A+2m      ^      y^ 


From   the   above,     (1.6),    and    (1.8) 

©o-a    =    ~t"    f~     -,-,  .  T       Aljj    +    ,  ^-       Z    Aw) 
33  2     *•      3A+2p      ^         A+2y  -' 


V  V 


4p^A-A(3X+8m)B+A^C     ,^^)^ 


^4    1      2(A+2m)       y.v    y,v       (x+2y)(3A+2y)2 

2 


^      -J^    ..I'    ,.+[•       "^ 


^    8y^A-12AyB+2A^Ci       . ,     . 
+    — ^- ;r^^- J  z    Alp    Aw 


A+2y       ,YV    ,YV       (x+2y)  (3A+2y)  ( A+2y) ^ (3A  +  2y) 


(3.5) 


^      A  A  ,       j^    r3A+y+2B  3A+2y         3, 

+    ,  .  ^       zw      Atii      +    [    ,    ■'Z z    -    .,..,.     z    J    w  T 

A+2y         ,Y       /Y  A  +  2y  4  (A+y)  ,yv      yv 


+  f  3C  -,  z     -    ., !:   J  w       w       +   „  ,,  .  - — r 
*■      3  A+2y'^     ,YV    ,YV      2  (A+2y) 


z    Aw  w      w 

/Y    /Y 


4y^A+A(A-4y)B+A^C      2 

8(A-Hy)(A+2y)     "  (^^^y)^  '    "     (A+2y) 


A(5A+4y) 


Xy     1 
+  2u)2j 


(Aw) 


+  ^[4^')  • 


From    (3.3)    and  (1.3) , 

2 

h  f  A+2y       .  ,               ,    >> 

e         =   — T  TTTo      Aip    -    z    Awl 

YY         ,,2  *-3A+2y       ^                    ^ 


(3.6) 


^   h"*    fl  .  r3A+4y         3    ^^, 

+    —J-    ■{  TT    V  V  +[..,,.      Z     -3Z]W  T 

j^4    \2      Y/V    Y/V     '4(A+y)  ,yv    yv 


+    ^    ^^    ^3AT2Tr  ^'^-   I  ",y"',Y^"    '"',Y^^ 


Y 


^    5A+4y         2 

+    „  ,  .  ■     .     z    w         w 


8(A+y)     "    ",Yv",YV      8(A 
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A+    6y)  2,.    ,2\_^,wh^    ^2^ 

+  y)(X-^2y)     ^    ("^)     r^^^    ^ 


X(5X+    6y) 


Using  (3.3,4,5,6)  in  (1.10),  we  obtain 

h^  A 

t^Q  =  -^  {2yT  „-  2yzfw   „+  , . „   6  „Aw] } 
a3    „2      aB      *■  ,aB   A+2y  aQ      -" 


D 
4 


+   h      I       Ah_   ^2  [4§±|4   z^-   ^^^P^   z]Aw      J 

j^4     [3A+2y  ,a3  3(X+2ij)  A+2y  ,a6j 

(3.7)  -^^^^^   ^^) 

h^    2y (A+y)     .2    ...  ^,w      h^      2    ^ 

t   ,   =  — 3"        ,  ,  T         (z   -1)  Aw        +0   y  — c    e 
a3  3        A+2y  ,a         ^         5  -' 

too  =  ^  y(l-z^)  [zw    T   -w   w    -  YT^  (Aw)^]+  Ofy  ^  e^) 
33    n^  'YV  Y^   /Y^  /Y^   A+2y  n^ 

From  (1.10),  (1.6),  and  (3.7),  we  have 

5 

^a3   =    ^a3   "■    ^(^  75    ^^^ 

(3.8)  3      "  5 

q,      =    t^      +   — ^    [2yw      T      -2yz(w      w        +    ..  ,  „      w      Aw)]+    0  [\i   — g-   e    ] 
^3a  3a  3    ■•    "^    ,y   Ya  ,Y    /Yc      A+2y      ,a  n 

_^  h'*  2y  (A+y)  ,  2  .,    .    ^    a  (      h^      2^ 
^333  =  43-^^   A4-2y    ^^  -^^^,  Y^"",  y""  ^^'  ^  '  ^  ' 

From  (1.11),  (3.7),  (3.8),  (1.3)  we  have 


(3.9) 


F3  =  o[^  4^')  • 

^  D 


Also  from  (1.11),  (3.7),  (3.8) 


(3.10) 


T3  =  0(y  4^')  . 
D 
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on  the  faces .  , 

This  completes  the  verification  of  (0.1),  the  objective 
of  the  report. 

As  mentioned  previously  our  estimates  are  not  valid  at  the 
edge  if  our  first  definition  of   £   is  used.   However,  if  our 
second  definition  of   e   is  used,  all  results  are  valid  at 
the  edge  and  we  can  compute  the  stress  vector  at  the  edge. 
Letting   (S,,S  ,S  )   be  the  stress  vector  at  the  edge,  we  have 

S .  =  q.  n 

where  (nwn2,0)   is  the  unit  outer  normal  to  the  undeformed 
edge.   Then  from  (3.8)  and  (3.7) 

4^,2/-  dw       , 


4 
D 


h  d 

+  0(y   ^  e)   where   -5—  is  the  normal  derivative 


S,  =  0(y  ^  e)  . 


in  the  outer  direction 
3 
D" 

A  common  set  of  boundary  conditions  for  the  von  Karman 
equations  is  to  prescribe  the  edge  thrust   T^^n^   and  zero 

dw  y 

moment  around  the  edge,  namely,    ^^   +  x+2\i   ^a^^   =  0  . 

From  the  formula  for  S   ,  this  amounts  to  prescribing  the 

a 

horizontal  components  of  the  stress  vector  at  the  edge  to 

1,4 
within  terms  of  order  y  ^  e.   Of  course  the  vertical  component 

D 
of  the  stress  vector  is  zero  at  the  edge  to  within  order 

1^3 
y  — =-  e   from  the  formula  for  S,. 
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